Abstract-Based on the representation of Alamouti space-time codewords as quaternions, this paper proposes a scheme that combines interference alignment (IA) with Alamouti signals. The proposed formulation allows for a separation of the space-time block coding (to gain spatial diversity) and the IA precoding (to reduce or ideally suppress interference). Although this separation is not necessarily optimal, the splitting of alignment precoding and Alamouti encoding is particularly convenient because it enables the independent optimization of the IA solution using quaternionic versions of standard alternating optimization techniques such as the maximum signal-tointerference-plus-noise algorithm. Some numerical simulations are included to compare the performance of the proposed quaternion IA+Alamouti algorithm with standard IA algorithms in the complex domain as well as with interference cancellation schemes at the receiver side.
I. INTRODUCTION
Interference alignment (IA) has received a lot of attention in recent years as a key technique to achieve the maximum degrees of freedom (DoF) of wireless networks in the presence of interference [1] . However, most of the IA schemes and algorithms proposed in the literature [2] , [3] do not consider the reliability in terms of spatial diversity gain, which is another key performance metric.
Space-time block codes (STBCs), such as the popular Alamouti code designed assuming 2 antennas at the transmitter side [4] , are simple linear processing schemes for achieving spatial diversity. Therefore, it is of interest to explore the combination of IA with STBCs in different interference-limited scenarios. In fact, there is a tradeoff between rate, spatial diversity through space-time coding, and interference alignment, which has been fully characterized for the K-user multiple-input multipleoutput (MIMO) interference channel in [5] . A scheme that combines Alamouti codes and IA for the 2-user X channel where each user has 2 transmit and 2 receive antennas has been proposed in [6] , and later extended to 4 antennas in [7] . In [8] , the authors proposed a scheme that combines Alamouti codes with IA for the 3-user 2×2 MIMO interference channel. This method, however, requires a unidirectional cooperative link between two of the receivers in order to perform interference cancellation at the receiver where the interferences do not overlap, which might not always be feasible. In another line of work, [9] presented a scheme for zero-forcing or minimum mean-square error (MMSE) interference cancellation with Alamouti signals. This scheme requires at least as many receive antennas as users so that the interferences from unintended transmitters can be perfectly suppressed at the receiver side.
In this work we build on the representation of Alamouti space-time codewords as quaternions to combine Alamouti coding with interference alignment (IA) techniques. The inherent algebraic structure in orthogonal space-time block codes designs based on quaternions was already recognized in the early works on this field [10] , [11] , and since then it has been exploited in many different ways. We can mention, for instance, the design of full-diversity STBCs with rate higher than 1 in [12] , or the design of a rate-2 differential STBC in [13] . A more general treatment of this topic can be found in [14] . It is also noteworthy the work in [15] , where the authors formulated the multiuser detection of Alamouti signals as a MIMO detection problem in the quaternion domain. Following this line of work, here we formulate the IA problem with Alamouti signals using quaternions. By doubling the number of transmit antennas, we show that any single-stream feasible IA system in the complex domain can be transformed into an equivalent quaternionic IA system transmitting Alamouti signals and hence with increased diversity. To find interference alignment (IA) solutions for the equivalent quaternionic system, we reformulate in the quaternion domain the maximum signal-to-interference-plus-noise ratio (Max-SINR) algorithm proposed in [2] .
A. Notation
In this paper, we will use boldfaced uppercase letters to denote matrices, boldfaced lowercase letters for column vectors, and lightfaced lowercase for scalar quantities. Quaternion scalars, vectors or matrices will be denoted with superscript (⋅)
q : x q , x q or X q ; and R(⋅) and I(⋅) denote the real and imaginary parts of a complex number. 
The received signal over two consecutive time slots can be written as
where
is the additive white Gaussian noise (AWGN) with variance σ 2 , and h(1), h(2) are the complex channel gains from transmit antennas one and two to the receive antenna, respectively. We assume a flat-fading Rayleigh channel that remains fixed over a frame of l consecutive Alamouti codewords and changes independently from frame to frame (block fading channel).
The 2 × 2 complex matrices in Eq. (2) represent an embedding of the quaternion algebra. Quaternions form a noncommutative division algebra H, i.e., for x q , y q ∈ H, x q y q ≠ y q x q in general. The conjugate of a quaternion x q = a + ib + jc + kd is (x q ) * = a − ib − jc − kd, and the quaternion norm is defined as
A 2 × 1 complex MISO system with Alamouti coding, and its equivalent quaternionic SISO system (which involves two complex symbols and two complex channel uses).
A more detailed treatment of quaternions can be found in [16] . For results regarding matrices of quaternions and the statistical analysis of quaternion random vectors we refer the reader to [17] and [18] , respectively.
Using the Cayley-Dickson representation, the transmitted Alamouti codeword can alternatively be expressed as the following quaternion
where we have applied the well-known properties of the quaternion imaginary units (i, j, k). The other quaternions in Eq. (2) for the channel, the noise and the received signal can be defined likewise, and therefore the received signal over two time slots in (2) can be written more compactly as a single-input single-output (SISO) quaternion system
where now all variables
In summary, for the purpose of this paper the main point to realize is that a 2×1 multiple-input single-output (MISO) system transmitting Alamouti encoded signals is equivalent to a SISO system in quaternion form. This idea is depicted in Fig. 1 .
III. INTERFERENCE ALIGNMENT WITH ALAMOUTI CODED SIGNALS
Consider the K-user interference channel with each transmitter having M = 2 antennas and each receiver having N = K − 1 antennas. Each user wishes to send d = 1 streams or messages. We adhere to the notation used in [19] and denote this symmetric fully-connected network as (2 × (K − 1), 1) K . This system is known to be feasible [19] , [20] , and thus we can perfectly suppress the interferences due to all undesired transmitters in the network by means of interference alignment (IA) [1] . This translates into a sum multiplexing gain (also known as degrees of freedom or DoF) of K for this network, which for the K = 3 user case is known to be optimal. However, as proved in [21] , IA does not provide any spatial diversity gain in this single-stream network. In other words, using perfect or zero-forcing IA for the (2 × 2, 1) 3 network we achieve 3 DoF but the diversity gain is only 1. Alamouti STBC is a simple linear combining technique to achieve spatial diversity for links with 2 transmit antennas [4] . Although this scheme was later generalized to M transmit antennas in [22] (but with a reduction in multiplexing gain), in this paper we will focus on the Alamouti scheme due to its simplicity and widespread use.
A simple way to combine the benefits of IA (in terms of DoF) and Alamouti coding (in terms of spatial diversity) is to double the number of transmit antennas and then exploit the quaternion formulation described in Section II. The basic idea is that a (4 × (K − 1), 1) K system transmitting Alamouti signals is equivalent to a (2 × (K − 1), 1)
K network with quaternion variables to which the conventional IA algorithms and solutions can be applied after an appropriate reformulation in the quaternion domain. Specifically, for a (4 × (K − 1), 1) K system transmitting Alamouti signals, let v q k ∈ H 2×1 be the unitary quaternion precoder for user k and let s q k ∈ H be the STBC signal transmitted by user k; then, the signal at receiver k is given by (we skip the time index n for notational simplicity)
where H q k,l ∈ H (K−1)×2 is the flat fading quaternion MIMO channel from transmitter l to receiver k, and n k ∈ H (K−1)×1 is the AWGN at the k-th receiver. Let u q k ∈ H (K−1)×1 be a unit-norm quaternion vector representing the linear receiver for user k. Solving the IA problem amounts to finding a set of precoders and decoders satisfying the following conditions
where (6) guarantees that all interferences are properly zero-forced, while (7) preserves the desired link at the intended receivers. After applying the IA precoder and decoder, we obtain an equivalent quaternion SISO system
where we have applied (6) to cancel the interferences from unintended transmitters, and r q k is AWGN with variance σ 2 . The maximum likelihood (ML) decoder is based on the search for the closest (quaternion) constellation point to the estimate (h
In the complex case, closed-form IA solutions are known only for certain scenarios like the (2 × 2, 1) 3 interference channel, for which the precoder for user 1, v 1 , is an eigenvector of the matrix E ∈ C 2×2 given by
and then the precoders for users 2 and 3 are obtained as
23 H 21 v 1 , respectively. Unfortunately, the noncommutative multiplication of quaternions introduce some obstacles when working with quaternion matrices that prevent us from directly applying this closed-form solution to the (2 × 2, 1) 3 quaternion system. The main problem being that there is no general theory of eigenvalues and eigenvectors for arbitrary quaternion matrices [23] . In a remarkable work, however, Le Bihan and Mars extended the singular value decomposition algorithm (SVD) to the skew algebra of quaternions [18] . This quaternionic SVD allows us to extend the two distributed iterative algorithms proposed in [2] , namely, the interference leakage minimization algorithm that perfectly suppress the interference from all undesired transmitters, and the maximum signal-tointerference-plus-noise-ratio (Max-SINR) algorithm that maximizes the output SINR at each receiver. For completeness, we include in Algorithm 1 the steps of the Max-SINR algorithm in [2] with quaternion variables. Furthermore, these algorithms can be applied to any other feasible scenario with more than 3 users. Remark 1. The feasibility of IA problems with quaternion variables would require a more detailed study, because the algebraic geometry tools used in the complex case [19] , [20] do not directly translate to the skew algebra of quaternions. Nevertheless, it has been observed experimentally that the quaternion-based interference leakage minimization algorithm converges to a perfectly aligned solution whenever the complex system with the same dimensions is feasible. Compute the interference-plus-noise covariance matrix at receiver k (∀k)
Calculate the Max-SINR decoders for
Compute the interference-plus-noise covariance matrix at transmitter l in the reciprocal network (∀l)
Calculate the Max-SINR precoders for
IV. SIMULATION RESULTS
In this section we compare the performance of the quaternionic IA+Alamouti algorithm with some competing schemes in the complex number domain with and without Alamouti coding. We consider a 3-user MIMO interference channel and assume perfect CSI for all schemes. The data symbols are assumed to be uncoded 4-QAM symbols generated independently at every transmitter. Using this fixed-rate modulation, the spectral efficiently for the K-user channel is 2K bits per channel use (bpcu). The average symbol error rate (SER) has been estimated for 500 independent Rayleigh channel realizations through Monte Carlo simulations. For each channel realization and for each signal-tonoise-ratio (SNR) we transmitted a sequence of 1e6 symbols. For the quaternionic implementation of the Max-SINR algorithm we use the open-source Matlab® toolbox developed by Sangwine and Le Bihan [24] . Fig. 2 shows the SER curves for user 1 (the behavior for other users is similar) as a function of the average signal-to-noise-ratio (SN R) per receive antenna, which is defined as SN R = 10 log 10 (1 σ 2 ). As a baseline for performance, we include in the comparison a (2 × 2) IA scheme in the complex domain without Alamouti encoding and thus with no diversity gain [21] . We also include in the comparison a 3-user (2 × 3) system using the Max-SINR IA algorithm in the complex domain and without Alamouti coding which, as shown in [21] , achieves a diversity gain of 2. As shown in [9] , [25] , the same diversity gain can be achieved in the (2×3) system when the transmitters send Alamouti signals and the receivers apply the minimum mean-square error (MMSE) decoder to suppress the interference. Interestingly, this scheme can be formulated in the complex domain or in the quaternion domain as shown in [15] with similar performance. This method is labeled in Fig. 2 as ICMMSE+Alamouti. Finally, for the proposed quaternionic IA-Alamouti scheme each user has M = 4 antennas at the transmitter and N = 2 at the receiver. This method also achieves a diversity gain of 2 but with some additional SNR gain because of the extra antenna at the transmit side.
V. CONCLUSIONS
This paper proposed a scheme to combine interference alignment (to realize the maximum achievable DoF of the system) with Alamouti coding (to provide diversity gain) for fixed-rate constellations. Using a formulation based on quaternions, we showed that the space-time encoding/decoding and the IA precoding/decoding operations can be performed independently. This separation between coding for diversity and aligning for interference suppression, although not necessarily optimal, allows for the independent optimization of the IA precoders and decoders using alternating optimization algorithms. In its simplest realization, each user uses two antennas for alignment and two antennas for Alamouti encoding. Although in terms of performance there is no inherent advantage of the quaternion domain over the complex number domain, we believe that the quaternion formulation proposed in this paper opens up a new perspective for the analysis and optimization of systems combining Alamouti coded signals with interference alignment or interference suppression techniques.
